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Abstract
We study Dirac fermionic dark matter (DM, χ0) and confront it with recent data. To
evade the stringent direct search limits from PandaX-II, XENON1T and LUX experiments,
the quantum numbers of the Dirac DM are taken to be I3 = Y = 0 to remove the tree-
level Z-exchange diagram. Loop amplitudes can contribute to the elastic scattering cross
section. We find that there are cancellations in the one-loop diagrams, which largely reduce
the cross section and make the Dirac DM viable in the direct search. For a generic isospin
I, we survey the Dirac DM mass constrained by the latest results of PandaX-II, XENON1T
and LUX experiments, the observed DM relic density, and the H.E.S.S. and the Fermi-LAT
astrophysical observations. Sommerfeld enhancement effects on DM annihilation processes
are investigated. We find that the cross section of χ0χ¯0 annihilating to the standard model
(SM) gauge bosons are in general significantly enhanced, and the Fermi-LAT, the H.E.S.S.
upper limits on 〈σv〉(W+W−, γγ) and the observed relic density become serious constraints
on the Dirac DM mass. The I < 4 cases are ruled out and for I ≥ 4, the lower bound on
Dirac DM mass are forced to be & 60 TeV. The elastic scattering cross section for mχ of few
tens TeV with a generic I is found to be σSI ' I2(I + 1)2 × 7 × 10−49 cm2. The predicted
〈σ(χ0χ¯0 → Z0Z0, Z0γ, γγ)v〉 and σSI are sizable and they will be useful to search for DM
in astrophysical observation and in direct search in near future.
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I. INTRODUCTION
The existence of dark matter (DM) in different astrophysical scales of the Universe [1–7] provides
strong evidence for physics beyond the Standard Model (SM). Weakly interacting massive particles
(WIMPs) are promising DM candidates. The WIMPs are assumed to be created thermally during
the big bang, and froze out of thermal equilibrium escaping the Boltzmann suppression in the early
Universe. The DM relic density is approximately related to the velocity averaged DM annihilation
cross section by a simple relation [8],
Ωχh
2 ≈ 0.1pb× c
< σv >
. (1)
Comparing to the measured value of CDM relic density is [9]
Ωobsh
2 = 0.1186± 0.0020, (2)
it suggests the case of DM with mass in the range of 100 GeV to few TeV and governed by an
electroweak size interaction. That is well known as the WIMP miracle [10].
There are three complementary searching strategies to detect the DM particles in experiments
(see [10, 11] for brief reviews). They are the direct detection of DM-nucleus scattering in un-
derground laboratories, the indirect detection of DM annihilation processes in astrophysical ob-
servation and the DM direct production at colliders [10–20]. So far these searches only provide
upper limits. Recently upper limits on spin-independent (SI), spin-dependent (SD) DM-nucleus
scattering cross sections are reported by PandaX-II [21], XENON1T [22], LUX [23, 24] experiment
groups, while that on velocity averaged DM annihilation cross sections are from H.E.S.S [25, 26]
and Fermi-LAT [27] groups. In spite of the fact that DM contains about 85% for the total mass in
the universe [28, 29], we still do not know much about its nature. In the literature, the possibilities
of DM particle as a scalar [30–36], fermion [8, 37–50] or a vector boson [50–60] are considered.
In this paper, we study the case of a Dirac fermionic DM. We investigate a renormalizable DM
model by introducing a pure weak eigenstate Dirac fermion as a DM candidate. The DM only
interacts through gravity and weak interactions [40, 41, 44]. We will confront the model to the
recent experimental data of relic density, direct and indirect detection experiments.
This paper is organized as follows. In Sec. II we introduce the model. In Sec. III we calculate
the cross sections of DM-nucleus elastic scattering and compare them with the results of recent
LUX, XENON1T and PandaX-II experiments in the direct search. In Sec. IV we calculate the
velocity averaged cross section of DM annihilating to the SM particles and the DM relic density
incorporating the Sommerfeld enhancement effect. We compare our results with the Fermi-LAT
and the H.E.S.S data and the observed relic density, respectively. Conclusions are given in Sec. V.
We collect the loop integral functions in Appendix A, followed by a comprehensive derivation of
Sommerfeld factors in Appendix B.
II. A DIRAC FERMIONIC DARK MATTER MODEL
We introduce a Dirac fermionic dark matter model by adding on SM a Dirac fermionic multiplet
χ with arbitrary I and Y , and the Lagrangian can be written as [40, 41, 44]
L = LSM + χ¯(iγµDµ −mχ)χ
2
= LSM + χ¯jγµ(i∂µ − gW aµT ajk + g′BµYjδjk)χk −mχχ¯iχi, (3)
where W aµ and Bµ are the familiar electroweak SU(2)L and U(1) gauge fields, respectively. In this
model, the SM is minimally extended so that the DM can only interact with the SM gauge bosons.
Besides, there is only one free parameter, the DM mass mχ that makes the model predictive. As
in most DM models, an addition discrete symmetry is needed to assure the stability of DM. For
example, we may assign the Dirac DM with Z2-odd quantum number and the SM particles with a
Z2-even quantum number to maintain the stability of DM.
The Lagrangian for the WIMPs interacting with the SM gauge bosons can be extracted from
Eq.(3), giving
L′ = − g√
2
χ¯jγµ(W+µ T
+
jk +W
−
µ T
−
jk)χ
k − χ¯jγµ[(g cos θWT 3jk − g′ sin θWYjδjk)Zµ + eAµQ)]χk.(4)
Here we have used the weak mixing angle θW and the relation e = g sin θW = g
′ cos θW with electric
charge Q = T 3 + Y . As the DM is electrically neutral, the Lagrangian for DM interacting with
Z-boson can be further extracted as
L′χ0 = −
g
cos θW
T 3χ¯0γµχ0Zµ. (5)
The tree-level vector interaction of DM with Z-boson leads to the SI elastic cross section with a
nucleus N :
σSIA (χN → χN) =
µ2N
4pi
(
g
cos θWMZ
)4
I23
[
− 1
4
(A− Z) + (1
4
− sin θ2w)Z
]2
, (6)
where Z and A are the numbers of protons and nucleons in the target nucleus respectively, I3 is
the weak isospin quantum number and µN is the of DM-nucleus reduced mass. It corresponds to
the normalized cross section with a nucleon:
σSIp,n ' I23 × 10−39cm2, (7)
for mχ ranges from a few GeV to a few 100 TeV.
The above cross section has already been ruled out in the direct search of SI-experiments of
DM-nucleus scattering for many years, unless the quantum numbers of the Dirac DM are either
(i) I 6= 0, I3 = Y = 0 or (ii) I = Y = 0 [44]. In this model, we shall consider the first case, i.e.
I 6= 0, but I3 = Y = 0. Nevertheless, we still need to check the contribution to the SI elastic cross
section from loop diagram.
As we know that the DM is highly nonrelativistic in the DM-nucleus elastic scattering. In
literature, the loop contributions to DM-nucleus elastic cross section are explored in the Majorana
fermionic DM case [61–63]. In this paper we will study the loop contribution to the elastic DM-
nucleus scattering in the Dirac fermionic DM case.
III. DIRAC FERMIONIC DARK MATTER IN THE DIRECT SEARCH
A. Effective Lagrangian
In this paper, we only consider the case: I 6= 0, I3 = Y = 0. Hence the elastic cross section
of Dirac DM-nucleus scattering is vanishing at tree level. Note that the Majorana fermionic DM
3
case were studied in [41, 61]. The effective Lagrangian of Dirac DM with quarks and gluon can be
written as [8, 62]
Leff =
∑
q=u,d,s
Leffq + Leffg , (8)
Leffq = aq[χ¯0χ0][q¯q] + bq[χ¯0γµχ0][q¯γµq] + dq[χ¯0γµγ5χ0][q¯γµγ5q]
+
g
(1)
q
mχ
χ¯0i∂µγνχ0Oqµν +
g
(2)
q
mχ
χ¯0(i∂µ)(i∂ν)χ0Oqµν , (9)
Leffg = fGχ¯0χ0GaµνGaµν . (10)
where the quark twist-2 operator, Oqµν , is defined as
Oqµν ≡
1
2
q¯i
(
Dµγν +Dνγµ − 1
2
gµν 6D
)
q. (11)
Fig. 1 shows the one-loop Feynman diagrams which induce the effective interactions of DM χ0
with quarks. Note that in the Dirac fermionic DM case, χ0 and χ¯0 are different particles. There
is an additional set of diagrams with χ0 in Fig. 1 replaced by χ¯0. These diagrams are related.
In fact, one can show that the former amplitude Mχ0 is equal to latter one Mχ¯0 . Now we let
nχ0 and nχ¯0 be the number density of the particle χ
0 and the antipaticle χ¯0, respectively. They
add up to the total number density of DM, nDM = nχ0 + nχ¯0 . Using Mχ0 = Mχ¯0 , we have
n0χ|Mχ0 |2 + nχ¯0 |Mχ¯0 |2 = (n0χ + nχ¯0)|Mχ0 |2 = nDM |Mχ0 |2. Hence we only need to calculate Mχ0 .
Note that the amplitudes correspond to the Feynman diagrams in Figs. 1 (d) and (e) turns out
to be vanishing individually. Both diagrams have two sub-diagrams. The relative sign differences
FIG. 1: One-loop diagrams for the effective interaction of Dirac DM with quarks
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between the trilinear couplings of the vector bosons W+W+V 0 and W−W−V 0 (V 0 = Z or A) are
responsible for the cancelation of diagrams in Fig. 1 (d), while relative sign differences between the
couplings χ−χ−V 0 and χ+χ+V 0 are responsible for vanishing of the sum of diagrams in Fig. 1 (e).
1 Hence, only the Feynman diagrams in Figs. 1(a)-(c) contribute to the effective interactions.
We calculate the effective couplings aq, bq and dq from Fig. 1 and use g
(1)
q , g
(2)
q obtained in
Ref. [62]. In the nonrelativistic limit with mχ  mt,mW , and ignoring the mass splitting among
the neutral DM (χ0) and the single charged WIMP partners (χ±), we have 2
aq = I(I + 1)
g4
16pi2
[
mq
MWm2h
FSh (q, x, y) +
mq
M3W
FSW (q, x, y)
]
,
bq = I(I + 1)
g4
16pi2
[
mq
M3W
F VW1(q, x, y) +
1
M2W
F VW2(q, x, y)
]
,
dq = I(I + 1)
g4
16pi2
[
1
M2W
FAW1(q, x, y) +
1
m2χ
FAW2(q, x, y)
]
,
g(1)q = I(I + 1)
g4
16pi2
1
M3W
gT1(x),
g(2)q = I(I + 1)
g4
16pi2
1
M3W
gT2(x), (13)
where we define x ≡ M2W /m2χ, y ≡ m2t /m2χ with mq, mt and mW the quark q, t and the W -
boson masses, respectively. Note that aq, bq and dq contribute to the so-called SS, VV and AA
interactions, respectively, while g
(1)
q and g
(2)
q also contribute to the SS interaction. All loop integral
functions FSh (q, x, y), F
V,A
W1,2
(q, x, y), gT1(x) and gT2(x) are collected in Appendix A.
The two-loop diagrams shown in Fig. 2 produce the effective scalar coupling of Dirac DM with
gluon in a nucleon, fG defined in Eq. (10). These diagrams contribute to the effective scalar
coupling, fG giving
fG = f
(a)
G + f
(b)
G + f
(c)
G , (14)
1 For example, the photon exchange diagram in Fig. 1 (d) contains two sub-diagrams: with χ+, W− or
χ−, W+ running in the loop. The corresponding matrix elements are
M± =
∫
d4k
(2pi)4
[µ¯(p3)(
−i√
2
gT∓0±γ
µ′)(
i
6p1+ 6k −mχ
)(
−i√
2
gT±±0γ
ν′)u(p1)](
−igµµ′
(k + p1 − p3)2 −M2W
)×
{∓i sin θW [(p1 − p3)λgµν + (k − p3 + p1)µgνλ + (2p3 − 2p1 − k)νgλµ]}( −igνν
′
k2 −M2W
)×
−igλκ
(p3 − p1)2 [u¯q(p4)(−iQqeγ
κ)uq(p2)], (12)
where p1(3) and p2(4) are the momenta of incident (outgoing) χ and q, respectively, and T
−
0+ = T
+
+0 =
T+0− = T
−
−0 =
√
I(I + 1). Consequently, we have M+ +M− = 0 from the relative sign difference between
the trilinear couplings of the vector bosons W+W+A and W−W−A.
2 Our aq and dq agree with those in [62] up to an additional factor 2 for mχ  mt,mW . Note that bq = 0 for
Majorana DM in Ref. [62]. The additional factor is from the differences of the Lagrangians and amplitudes
in the Dirac and Majorana cases. We apply the factor 2 to g
(1)
q and g
(2)
q when adapting the results from
Ref. [62].
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FIG. 2: Two-loop diagrams contributing to the effective scalar coupling of Dirac DM with
gluons.
where the superscripts correspond to the labels of the diagrams in Fig. 2. We use the results
obtained in Ref. [62] for these f
(i)
G .
The heavy quark contribution to the mass of the nucleon through the triangle diagram [73]
shown in Fig. 2(a) gives the effective scalar coupling:
f
(a)
G = −
αs
12pi
g4
16pi2
I(I + 1)cQ
1
4mW
gH(x) ' − αs
12pi
aQ
mQ
, (15)
where the loop integral function gH(x) with x ≡ M2W /m2χ is basically from [62] and is collected
in Appendix A, 3 cQ = 1 + 11αs(mQ)/4pi with Q = c, b, t and aQ is defined in Eq. (13). Note
that in the above equation we have taken cQ = 1 for Q = c, b, t for simplicity, while in Ref. [62],
cc = 1.32, cb = 1.19 and ct = 1 for αs(mz) = 0.118 are used. From Figs. 2(b) and (c), we have [62]
f
(b)
G + f
(c)
G =
αs
4pi
g4
16pi2
I(I + 1)
1
M3W
gW (x, y), (16)
the loop integral function gW (x, y) with x ≡ M2W /m2χ, y ≡ m2t /m2χ is collected in Appendix A.
Note that the contribution of the twist-2 operators of gluon which are suppressed by the strong
coupling constant αs have been ignored (see Ref.[74]).
In Appendix A, the loop integral functions FS,V,Ah,W1,2(q, x, y) can be classified into three classes as
whether the external line in Fig. 1 involves light, b or t quarks. For the light quark case, we only
keep the effective coupling up to the leading order in mq. For the b-quark case, the top quark is in
the loop of the box diagrams and the loop integral functions can be analytically solved under the
assumption: mχ  mt. For the t-quark case, the bottom quark is in the loop of the box diagrams
and the loop integral functions can only be numerically solved (with the assumption: mχ  mt).
Note that there is a cancellation in the VV interaction so that the large component (∼ 1/M2W ) of
the effective coupling bq is vanishing for all quark flavors; in other words, F
V
W2(q, x, y) = 0. We
will see later that it makes the Dirac DM model viable in the direct search. Note that a similar
cancellation in the Majorana case was reported in Ref. [62].
3 Similarly, f
(i)
G (i = a, b, c) used here have an additional factor of two compared to those in Ref. [62]. See
footnote 2.
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B. Spin-independent and Spin-dependent Cross Sections
To compare with the results of recent PandaX-II [21], XENON1T [22] and LUX [23, 24] exper-
iments, we calculate the normalized SI and SD cross sections of Dirac DM elastic scattering off
129,131Xe nuclei. We shall obtain the averaged unpolarized amplitude squared
∑|Mfi|2 at q2 = 0
first. Note that there is no interference between various interaction terms in iMfi. From the ef-
fective Lagrangian of DM-nucleus elastic scattering, the unpolarized matrix element square can be
written as [43]∑
|Mfi|2(q2 = 0) =
∑
|MSIfi |2(q2 = 0) +
∑
|MSDfi |2(q2 = 0)
= 16m2Nm
2
χ
[(
f2sN +Q
2
VN
)
+ 4Q2ANJN (JN + 1)
]
. (17)
The first two terms are from the effective SS and VV interactions, respectively, contributing to
|MSI |2, while the last term from the AA interaction contributing to |MSD|2.
For the VV interaction, we have
QVN = Z(2bu + bd) + (A− Z)(2bd + bu). (18)
For the AA interaction, we have
QAN =
∑
q=u,d,s
dq(∆
p
qλp + ∆
n
qλn), λp,n =
〈Sp,n〉eff
JN
, (19)
where ∆
p(n)
q is the quark spin component in proton (neutron), 〈Sp(n)〉eff is the proton (neutron) spin
expectation value (including the contributions of two-body current [64]) and JN is the total angular
momentum of the nucleus N . Note that we have 〈Sp(n)〉eff ≡ 〈Sp(n)〉 ± δa1(〈Sp〉 − 〈Sn〉)/2 [43, 64].
For the effective scalar interaction, we have
fsN = (Zfsp + (A− Z)fsn), (20)
and [62]
fsp
mp
=
∑
q=u,d,s
aq
mq
fpTq +
∑
q=u,d,s,c,b
3
4
(q(2) + q¯(2))(g(1)q + g
(2)
q )−
8pi
9αs
fTG(f
(a)
G + f
(b)
G + f
(c)
G )
=
∑
q=u,d,s
aq
mq
fpTq +
∑
q=u,d,s,c,b
3
4
(q(2) + q¯(2))(g(1)q + g
(2)
q ) +
∑
Q=c,b,t
2
27
aQ
mQ
fTG
− 8pi
9αs
fTG(f
(b)
G + f
(c)
G ), (21)
with
〈p|mq q¯q|p〉 = mpfpTq
〈p|mQQ¯Q|p〉 ' 2
27
mpfTG, fTG = 1−
∑
q=u,d,s
fpTq
〈p|Oqµν |p〉 =
1
mp
(pµpν − 1
4
m2pgµν)(q(2) + q¯(2)). (22)
In the above, αs = g
2
s/4pi (gs is the coupling constant of (SU(3)C), q(2) and q¯(2) are the second
moments of the parton distribution functions (PDFs). The matrix elements of the light-quark
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currents in nucleon are obtained in chiral perturbation theory from measurements of the pion-
nucleon sigma term [65–70]. Similarly, fsn can be written by replacing p with n in Eqs. (21) and
(22).
In the center of mass (CM) frame, the differential cross section is
dσ(~q = 0)
d|q|2 =
1
64pisµ2N v2
∑
|Mfi|2(q2 = 0) (23)
Here v is the DM velocity relative to the target,
√
s ≈ mχ + mN is the total energy, and µN is
the reduced mass of DM and the target nucleus N . The “standard” total cross section at zero
momentum transfer defined in [8] is
σ0 =
∫ 4µ2N v2
0
d|q|2dσ(~q = 0)
d|q|2 =
µ2N
pi
[(
f2sN +Q
2
VN
)
+ 4Q2ANJN (JN + 1)
]
≡ σSI0 + σSD0 , (24)
The spin-dependent cross section at zero momentum transfer can be further decomposed as
σSD0 = σ
SD
0,pp + σ
SD
0,nn + σ
SD
0,pn, (25)
where
σSD0,pp(nn) =
4µ2Ai
pi
[
(
∑
dq∆
p(n)
q )
2λ2p(n)JAi(JAi + 1)
]
σSD0,pn =
4µ2Ai
pi
[
(
∑
dqdq′∆
p
q∆
n
q′)λpλnJAi(JAi + 1)
]
. (26)
Hence the total cross section of DM-nucleus N scattering can be written as [43]
σN =
∫
d|q|2 dσ
d|q|2 = (σ
SI
0 rSI + σ
SD
0,pprpp + σ
SD
0,nnrnn + σ
SD
0,pnrpn), (27)
where
rj ≡
∫ 4µ2Aiv2
0
d|q|2
4µ2Aiv
2
F 2j (|q|), (28)
with j = SI, pp, nn, pn and
F 2pp(nn)(|q|) ≡
S00(|q|) + S11(|q|)± S01(|q|)
S00(0) + S11(0)± S01(0) , F
2
pn(|q|) ≡
S00(|q|)− S11(|q|)
S00(0)− S11(0) . (29)
Note that we have S00(0) + S11(0) ± S01(0) = ((2JAi + 1)(JAi + 1)/piJAi)〈Sp,n〉2eff and S00(0) −
S11(0) = ((2JAi + 1)(JAi + 1)/piJAi)〈Sp〉eff〈Sn〉eff [43].
The Eq. (27) can be shown [43] to be equivalent to the usual expression [8, 75]
σN =
σSI0
4µ2N v2
∫ 4µ2N v2
0
d|q|2F 2SI(|q|) +
σSD0
4µ2N v2
∫ 4µ2N v2
0
d|q|2F 2SD(|q|) ≡ σSIN + σSDN , (30)
where F 2SD(|q|) is the spin-dependent form factor, which involves both short and long distance
physics, a feature we try to avoid in this work.
To compare with the experimental results, we define the scaled SI and SD cross sections, respec-
tively, for the nucleus with atomic mass number Ai and isotope abundance ηi as the following
4
σSI ≡
∑
i ηiσAi∑
j ηjA
2
j
µ2Aj
µ2p
, (31)
4 The terminology of spin-(in)dependent cross section is somewhat misleading. There are, in fact, two
different normalizations, where both spin-dependent and spin-independent interactions are involved in
σSI and σSDp,n .
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and
σSDp,n ≡ (
∑
i
ηiσAi)
∑
j
ηj
4µ2Aj 〈Sp,n〉2eff(JAj + 1)
3µ2p,nJAj
−1 , (32)
where µAi and µp,n are the reduced masses of the DM with the target nucleus and the DM with
proton or neutron, respectively.
C. Numerical Results for Direct Search
Now we are ready to do the numerical calculation. PandaX-II, XENON1T and LUX experiments
[21–24] use the Xenon nuclei as the target material. They provide the most stringent upper limits
on σSI and σSD. We will compare our calculation results with these experimental data.
We shall specify the inputs of our numerical analysis. For the calculation of σSI , we adopt the
Helm form factor [76, 77] used in the XENON1T and LUX experiments:
F 2SI(|q|) =
(
3j1(qRN )
qRN
)2
e(qs)
2
, (33)
where the nuclear radius R2N = c
2 + 73pi
2a2− 5s2 with c = (1.23A1/3− 0.6) fm, a = 0.52 fm and the
nuclear surface thickness s = 1 fm. We use the following updated data of nucleon mass fractions:
fpTu = 0.017, f
p
Td = 0.023, f
n
Tu = 0.012, f
n
Td = 0.033, f
p,n
Ts = 0.053 from Ref. [70]. We follow
Ref. [78] and use u(2) = 0.223, u¯(2) = 0.036, d(2) = 0.118, d¯(2) = 0.037, s(2) = s¯(2) = 0.0258,
c(2) = c¯(2) = 0.0187, b(2) = b¯(2) = 0.0117, for the second moments of PDFs of quarks and
antiquarks. These values are evaluated at the scale µ = MZ using the CJ12 next-to-leading order
PDFs given by the CTEQ-Jefferson Lab collaboration [79]. For the calculation of σSDn,p , we adopt
the structure factors S00,01,11(|q|) for 129,131Xe nucleus in Ref. [24, 64], and use the following data of
the quark spin components: ∆pu = ∆nd = 0.85, ∆
p
d = ∆
n
u = −0.42, ∆ps = ∆ns = −0.08 from Ref. [70],
which are slightly different from those in Refs. [71, 72]. For 129,131Xe nuclei, we use the nuclear
total angular momentum J and the predicted spin expectation values 〈Sp,n〉 from Refs. [64, 80] for
〈Sp,n,z〉eff and the isotope abundance of 129,131Xe (ηi) from Refs. [24].
For 129,131Xe nucleus with odd number of neutrons and even number of protons, the nuclear
spin is dominant by the neutron from the odd-group model [81]. Hence the constraint on σSDn is
more stringent than that on σSDp in experiments using these nuclei. Consequently, we only give
predictions on σSI and σSDn . Furthermore we only focus on the discussion of the plot of σ
SI versus
mχ in Fig. 3(a) since the constraint on σ
SI is found to be more stringent than that on σSDn .
In Fig. 3 we show our predictions on σSI and σSDn for isospin I = 1, 3, 5, 9. These are the
main results of this work on the DM-nuclei elastic scattering cross sections. We concentrate on the
parameter space where the DM mass are greater than the W -boson mass and below 100 TeV. In
Fig. 3(a), the solid (dashed) lines denote the prediction with (without) the contributions of quark
twist-2 operator and the two-loop diagrams in Figs. 2(b) and (c). After considering these twist-2
and two-loop contributions, we find that the predicted values are roughly reduced by factors of
1.85, 2.32, 2.36, 2.37 and 2.38 for mχ = 1, 10, 30, 60 and 100 . mχ . 500 TeV, respectively,
regardless of the isospin I. Hence, the order of magnitude of σSI obtained in both calculations
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FIG. 3: Dirac DM model prediction on SI and SD cross sections of DM scattering off the
nuclei 129,131Xe in the direct search for I = 1, 3, 5, 9. The dashed lines in Fig. 3(a) denote
the results without considering the contributions of quark twist-2 operator and the
two-loop diagrams from Figs. 2(b) and (c).
are roughly the same. From Fig. 3(a) we see that the dependence of σSI on mχ becomes mild for
mχ & 1 TeV. In fact, the following equation,
σSI ' I2(I + 1)2 × 7.2× 10−49 cm2, (34)
can can nicely approximate on the SI elastic scattering cross section for mχ in the range of few to
few tens TeV.
We now compare our results with the data. Since the constraint from σSI is much severe than
that from σSD, we will concentrate on the SI part. From Fig. 3(a), we see that there are plenty
of parameter space for σSI to satisfy the upper limits from the LUX, PandaX-II and XENON1T
SI-experiments [21–23]. Note that the cancellation in the large component of the VV interaction
(see the previous section) is at work, and it significantly reduces the cross section of DM-nucleus
elastic scattering and makes the Dirac DM model viable in the direct search.
For I = 1 and 2, all Dirac DM masses in this surveyed region are allowed in principle. However,
for I = 1 we cannot distinguish the DM event from neutrino event when mχ is greater than 1.7
TeV, as the predicted cross section is below the curve of the neutrino background [82–84]. Similarly,
if we extrapolate the curve of neutrino background up to mχ =100 TeV, we find that we cannot
distinguish the DM event from neutrino event when mχ >14.6 and 52.6 TeV for I =2 and 3,
respectively. We show the lower mass bound mLLχ and corresponding σ
SI for I = 3 ∼ 9 in Table I.
TABLE I: The lower limits mLLχ on Dirac DM mass are obtained from recent direct dark
matter search experiments. The corresponding σSI are also shown.
I 3 4 5 6 7 8 9
Direct mLLχ (TeV) 0.19 0.37 0.72 1.18 2.28 3.55 5.94
σSI(10−46cm2) 2.08 4.14 7.64 13.96 23.57 38.21 58.86
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The lower bounds on these Dirac DM masses are extracted by comparing to the PandaX-II σSI
data [see Fig. 3(a)].
IV. DIRAC FERMIONIC DARK MATTER IN THE INDIRECT SEARCH
A. Thermal Relic Dark Matter Densisty
The DM particles are thought to have been created thermally during the big bang and frozen
out of thermal equilibrium in the early Universe contributing to the relic density. The evolution of
DM abundance obeys the following Boltzmann equation:
dnχ0
dt
+ 3Hnχ0 = −〈σannvMφl〉χ0χ¯0 [nχ0nχ¯0 − neqχ0neqχ¯0 ], (35)
where nχ0 (nχ¯0) is the number density of χ
0 (χ¯0), H ≡ a˙/a = √4pi3g∗(T )T 4/(45MPL2) is the
Hubble parameter, MPL is the Planck mass, g∗ is the total effective numbers of relativistic degrees
of freedom [85, 86] and neq the equilibrium number density. Note that Eq. (35) is measured in the
cosmic comoving frame [87] and 〈σannvMφl〉 is the thermal averaged annihilation cross section times
Mφller velocity which is defined by vMφl ≡
√
(p1 · p2)2 −m21m22/(E1E2) =
√|v1 − v2|2 − |v1 × v2|2
with subscripts 1 and 2 labeling the two initial DM particles and velocities vi ≡ pi/Ei(i = 1, 2).
For the Dirac fermionic DM particle χ0 and antiparticle χ¯0, we define the total number density of
DM as nDM ≡ nχ0 + nχ¯0 = 2nχ0(χ¯0) and the above equation can be written as
dnDM
dt
+ 3HnDM = −1
2
〈σannvMφl〉χ0χ¯0 [n2DM − (neqDM )2]. (36)
Following the standard procedure [85] to solve Eq.(36), the relic DM density ΩDM ≡ ρχ/ρcrit
can be approximately related to the velocity averaged annihilation cross section 〈σannv〉 as
ΩDMh
2 ≈ 1.04× 109 GeV
−1
MPL
√
g∗ (Tf )J(xf )
, (37)
where
xf ≈ ln
2× 0.038mχMPL〈σannv〉√
g∗ (Tf )x
1/2
f
 , (38)
and
J (xf ) ≡
∫ ∞
xf
〈σannv〉
x2
dx ≡
∫ ∞
xf
〈σannvMφl〉χ0χ¯0
2x2
dx. (39)
In the above, xf ≡ mχ/Tf and Tf is the freeze-out temperature. For convenient, the velocity
averaged annihilation cross section 〈σannv〉 with v the “relative velocity” is defined as 5
〈σannv〉 ≡
〈σannvMφl〉χ0χ¯0
2
≡ 3
√
6√
piv30
∫ ∞
0
dv v2
(σannv)χ0χ¯0
2
e−3v
2/2v20
=
x3/2
2
√
pi
∫ ∞
0
dv v2
(σannv)χ0χ¯0
2
e−xv
2/4, (40)
5 In general, the collision is not collinear in the comoving frame. We have to use the Mφller velocity. The
Mφller velocity is not equal to the relative velocity v ≡ |v1 − v2|. Nevertheless, it has been shown [87]
that 〈σannvMφl〉 = 〈σannvlab〉lab where vlab ≡ |v1,lab−v2,lab| is calculated in the lab frame with one of two
initial particles being at rest.
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FIG. 4: The Feynman diagrams of DM annihilation for W+W− channel.
where we define v0 ≡ 〈v2〉1/2 and v0 =
√
6/xf has been used in the last expression. It is straight-
forward to obtain
J (xf ) =
∫ ∞
xf
〈σannv〉
x2
dx =
∫ ∞
0
dv
(σannv)χ0χ¯0
2
v
[
1− erf (v√xf/2)] . (41)
B. Dirac Dark Matter Annihilation
DM relic density is determined by the velocity averaged cross section 〈σannv〉 of DM annihilation
processes, which have been ceased after the freeze-out stage in the cosmological scale. Nevertheless,
the DM annihilation to the SM particles can still occur today in regions of high DM density. These
annihilations result in the end products as excesses relative to products from the SM astrophysical
processes, where the excesses are actively search for in the indirect search experiments. As the
DM particles became non-relativistic when they froze out of thermal equilibrium in the early
universe, non-perturbative effects, such as the so-called Sommerfeld enhancement effect, can be
important [88–94].
In this work, we only consider the I 6= 0, I3 = Y = 0 case. The interactions of DM with
Z-boson and γ are vanishing at tree level and, hence, the DM particles cannot annihilate into a
pair of neutral gauge bosons, such as ZZ,Zγ and γγ. On the other hand, the DM particles can
annihilate into a pair of W+W− at tree level as shown in Fig. 4, as the tree-level interaction of DM
with W -boson is allowed. It is interesting that through diagrams shown in Fig. 5, the Sommerfeld
effect opens the possibilities for χ0χ¯0 to annihilate into a pair of neutral gauge bosons.
The χ0χ0 → W+W− annihilation process can occur through diagrams shown in Fig. 4. The
corresponding cross section can be calculated to be [44]
(σannv)χ0χ¯0
= [I(I + 1)]2
g4
32pis1/2
(
s− 2m2χ
)
−
√
s− 4m2W
(
sm2χ + 4m
4
χ + 2m
4
W
)(
m2χ
(
s− 4m2W
)
+m4W
)
+
(
4m2χ
(
s− 2m2W
)− 8m4χ + 4m4W + s2)√(
s− 4m2χ
) (
s− 2m2W
) log
−
√(
s− 4m2χ
) (
s− 4m2W
)− 2m2W + s√(
s− 4m2χ
) (
s− 4m2W
)
+ 2m2W − s
 .
(42)
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After substituting s = 2m2χ(1 + 1/
√
1− v2) into the above equation and expanding around v2, one
obtains:
〈σannv〉 = 〈a+− + b+−v2 +O(v4)〉, (43)
where we have
a+− ≡ [I(I + 1)]2 g
4(m2χ −m2W )3/2
16pimχ(2m2χ −m2W )2
,
b+− ≡ [I(I + 1)]2 g
4(m2χ −m2W )1/2
(
76m4χm
2
W − 66m2χm4W + 23m6W
)
384pimχ
(
2m2χ −m2W
)4 , (44)
with g = e/ sin θW . For non-relativistic annihilation of DM, neglecting v
4 and higher order terms
is a good approximation. From Eq. (40), we have 〈v2〉 = 6x−1f , and hence the velocity averaged
cross section becomes
〈σannv〉 ' a+− + 6b
+−
xf
, J(xf ) ' a
+− + 3b+−/xf
xf
. (45)
For indirect search, we will compare our calculation result with the Fermi-LAT result [27] which
is from a combined analysis of 15 dwarf spheroidal satellite galaxies (dSphs) of the Milky Way and
the H.E.S.S result [25] using γ-ray observation towards the inner 300 parsecs of the Milky Way.
As we know that the DM halo is immersed in the Galaxy. The speed of the sun moving around
the Galactic center is about 220 km/s at the local distance r ≈ 8.5 kpc and the Galactic circular
rotation speed is about 230 km/s at radii ≈ 100 kpc [8, 95]. On the other hand, the shortest and
longest distance of these 15 dSphs from the sun are ≈ 23 and 233 kpc, respectively [27]. Hence
we will use a typical DM velocity v0 ' 300 km/s in the indirect-detection calculation. In 〈σv〉 the
b-term is sub-leading. For mχ & 100 GeV, it can be shown that we have bv2/(a+ bv2) < 5× 10−7
and 15% for v = v0 and c/2, respectively. Hence, neglecting b is a good approximation for indirect-
detection calculations, while it introduces a 15% error in the relic abundance calculation, as the
DM velocity is about half the speed of light in the latter case. To simplify the calculation, we
only keep the first term (the a term) in Eq. (43) for both relic density calculation and the indirect
annihilation processes, namely the S-wave contribution.
Now we consider the Sommerfeld enhancement effect through diagrams shown in Fig. 5 [44].
The Sommerfeld enhancement is rather complicated here, since the χ0χ0 state can rescatter into
(a) (b) (c)
FIG. 5: χ0χ¯0 → V V annihilation diagrams with the Sommerfeld effect.
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FIG. 6: The Feynman diagram for WIMPs annihilation in W+W− channel.
FIG. 7: The diagram corresponds to the second term in Eq. (47) of the χjχ¯j → χiχ¯i
process. Note that iΓij contains an infinite series of the ladder diagrams.
other states, such as χ±χ± and so on, through t-channel diagrams by exchanging W and Z with
the rescattered state annihilated into W+W−. Hence we need consider the scattering processes
in a general form: χjχj → χiχi → V V (with i, j = −I,−I + 1, . . . , I − 1, I) for a generic isospin
I. In other words, the non-perturbative scattering of χjχj → χiχi follows the main perturbative
scattering of χiχi → V V . To simplify the calculation we follow [44, 61, 96] to consider the SU(2)
symmetric limit, which is expected to be a good one when the DM mass mχ is much greater than
mW,Z .
We consider the non-perturbative scattering process χj(p1)χ¯
j(p2)→W+(p3)W−(p4) as shown
in Fig. 6. The χjχ¯j annihilation amplitude iM jS can be expressed as
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) = iM
j
β,α(p3, p2, p1, p4)v¯β(p2)uα(p1)
+
∫
d4p′3
(2pi)4
iM iρ,σ(p3, p
′
4; p
′
3, p4)
(iSFστ (p
′
3))(−iSFλρ(−p′4))
iΓijτβ,αλ(p
′
3, p2; p1, p
′
4)v¯β(p2)uα(p1), (46)
where iΓij is the amputated non-perturbative 4-point vertex function for the χj(p1)χ¯
j(p2) →
χi(p3)χ¯
i(p4) scattering as shown in Fig. 7. The vertex function satisfies the following equation,
iΓijγβ,αδ(p3, p2, p1, p4)
= iΓ˜ijγβ,αδ(p3, p2, p1, p4)
+
∫
d4p′3
(2pi)4
iΓ˜ikγρ,σδ(p3, p
′
4; p
′
3, p4)(iSFστ (p
′
3))iΓ
kj
τβ,αλ(p
′
3, p2; p1, p
′
4)(−iSFλρ(−p′4)), (47)
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where we have p′4 = −p′3 + p3 + p4, SFστ and SFλρ are the fermion propagators, and the relevant
lowest order perturbative 4-point vertex function in the SU(2) symmetric limit is given by
iΓ˜ijγβ,αδ(p3, p2, p1, p4) = −ig2
∑
a=1,2,3
T aijT
a
ji(γ
µ)γα(γ
ν)βδ
gµν
(p1 − p3)2 −M2W
. (48)
Recall that the hypercharge Y of χi is vanishing, hence, the U(1) field Bµ does not contribute to
Γ˜ in the SU(2) symmetric limit. Note that through iteration iΓij contains an infinite series of the
ladder diagrams [see Fig. 7 and Eq. (47)]. In the NR limit, Eq. (47) can lead to the Lippmann-
Schwinger equation (see Appendix B for details).
For the case of S-wave rescattering, Eq. (46) can be expressed as (see Appendix B)
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) =
∑
i
iM iρ,σ(~p3, ~p2; ~p1, ~p4)v¯ρ(p2)uσ(p1)Qij (49)
where we have
Qij ≡
2I∑
I=0
(UT )iIψI(~r = 0)UIj , (50)
with
UIj = (−1)j〈IjI(−j)|I0〉, (51)
the matrix that diagonalizes
∑
c T
a
ijT
a
ji [see Eq. (B4)] [44], and 〈IjI(−j)|I0〉 is the Clebsch-Gordan
coefficient (in the 〈j1m1j2m2|JM〉 notation). Note that I is the total isospin of the χχ¯ pair. The
wave function satisfies the Schro¨dinger equation,
− 1
2µ
∇2ψI(~r) + VI(~r)ψI(~r) = EψI(~r) = 1
2
µv2ψI(~r), (52)
where VI(r) is a Yukawa-type potential
VI(r) = −αw{I(I + 1)− I(I + 1)/2}e
−MW r
r
, (53)
with αw the weak fine structure constant, E = |~p|2/2µ ≡ µv2/2, and the wave function goes to
ei~p·~r asymptotically. Consequently, the rate is modified as
|v¯(p2)M jS(p3, p2, p1, p4)u(p1)|2 =
∑
i,i′
(v¯M i
′
(~p3, ~p2; ~p1, ~p4)u)
∗(v¯M iρ,σ(~p3, ~p2; ~p1, ~p4)u)QijQ†ji′ ,(54)
where the additional term (QijQ†ji′) is the Sommerfeld enhancement factor, which cannot be fac-
torized in this work, and will be dealt with later. As a cross check we note that in the VI = 0
limit, we have ψI(~r = 0) = 1 giving Qij = δij , and, consequently, Eq. (49) and the above equation
are just trivial identities.
Using the Hulthe´n potential to approximate the Yukawa potential, [97]
VI(~r) ' −αI (pi
2mW /6)e
−pi2mW r/6
1− e−pi2mW r/6 , (55)
one obtains (see Appendix B.3)
ψI(~r = 0) = i
pi2W /6
2v
Γ
(
1− i v
pi2W /6
(
1 +
√
1− pi
2W /6
2v
))
×Γ
(
1− i v
pi2W /6
(
1−
√
1− pi
2W /6
2v
))/
Γ
( −2iv
pi2W /6
)
, (56)
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with 6
v ≡ v
2αI
, W ≡ mW
αImχ
, αI ≡ [I(I + 1)− I(I + 1)/2]αW , (57)
and |ψI(~r = 0)|2 is just the Sommerfeld factor shown in [98],
|ψI(~r = 0)|2 =
sinh
(
2piv
pi2W /6
)
cosh
(
2piv
pi2W /6
)
− cos
(
2pi
√
1
pi2W /6
− 2v
(pi2W /6)2
) . (58)
Note that the phase convention of the above ψI(~r = 0) is fixed by its asymptotic behavior (see
Appendix B.3) and ψI(~r = 0) indeed goes to 1 in the αI = 0 limit. Also note that the phase
of ψI(~r = 0) is simple the S-wave phase shift, δl=0 (see Appendix B.3). We find that the above
ψI(~r = 0), including its size and phase, agree well with the results obtained by numerically solving
the Schro¨dinger equation with the Yukawa potential (see below and Appendix B.4).
It is usually advocated that in the mχ  mW limit, the Yukawa potential can be approximated
by a coulomb potential:
VI(r) ' −{I(I + 1)− I(I + 1)/2}αw
r
. (59)
The corresponding wave function is given by [99]
ψ
(coul)
I (~r) = Γ(1 + iγI)e
−piγI/2ei~p·~r1F1(−iγI , 1, ipr − i~p · ~r), (60)
where
γI = −{I(I + 1)− I(I + 1)/2}αw
v
= −{I(I + 1)− I(I + 1)/2}αwµχ|~p| . (61)
In this approximation we have
ψ
(coul)
I (~r = 0) = Γ(1 + iγI)e
−piγI/2. (62)
Note that as a cross check, we have
|ψ(coul)I (~r = 0)|2 = Γ(1 + iγI)Γ(1− iγI)e−piγI =
2piγI
e2piγI − 1 = S
(coul), (63)
which is the usual Sommerfeld enhancement factor, S, in the Coulomb potential case. In fact the
Sommerfeld factor in Eq. (58) does reduce to S(coul) in the large mχ region, as one can check it
directly, or by considering the limiting behavior of |ψI(~r = 0)|, which goes to |ψcoulI (~r = 0)| in the
large mχ limit [97, 100]. We expect the Coulomb approximation to be a good one in the large mχ
region, but as we will see shortly that this is not really the case.
The χ0χ0 →W+W− amplitude with Sommerfeld enhancement, AS , is now given by
AS(χ
0χ0 →W+W−) =
∑
i
A(χiχi →W+W−)Qi0, (64)
where i is summed over all χiχi states. Therefore, the Sommerfeld enhanced S-wave contribution
of 〈σannv〉 in Eq.( 45) is given by
a+−S =
∑
i,j
Q†0ia+−ij Qj0. (65)
6 Note that the β in the formula of [97] is in fact v/2 in this work.
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In the above, i and j are summed over χiχi and χjχj states, respectively, and a+−ij corresponds to
the S-wave contribution from A∗(χiχi →W+W−)A(χjχj →W+W−).
It is straightforward to obtain
a+−ij = a
+−
{
[I(I + 1)− i2][I(I + 1)− j2]
[I(I + 1)]2
+ ij
(4m4χ + 20m
2
χm
2
W + 3m
4
W )
2(4m2χ −m2W )2(I(I + 1))2
}
(66)
and, consequently, 7
a+−S = a
+− SWW (v), (67)
with
SWW (v) =
1
9
|2ψI=0(~r = 0) + ψI=2(~r = 0)|2 . (68)
Finally, we obtain
〈σ+−v〉 = 〈a+−SWW (v)〉 . (69)
In the ψI(~r = 0) = 1 limit, 〈σ+−v〉 reduces 〈(σ+−v)0〉. It is reasonable that the total isospin of
the χχ¯ pair, I, cannot be greater than 2 in the χχ¯ → W+W− process, since the total isospin of
WW can at most be 2 and we are considering the SU(2) symmetric limit.
Note that through rescattering we can also have χ0χ0 → Z0Z0, Z0γ, γγ annihilations, with
AS(χ
0χ0 → Z0Z0) =
∑
i
A(χiχi → Z0Z0)Qi0
AS(χ
0χ0 → Z0γ) =
∑
i
A(χiχi → Z0γ)Qi0,
AS(χ
0χ0 → γγ) =
∑
i
A(χiχi → γγ)Qi0, (70)
and, consequently,
a00,0γ,γγS =
∑
i,j
Q†0ia00,0γ,γγij Qj0, (71)
with
a00ij =
g4 cos4 θW (m
2
χ −m2Z)3/2i2j2
8pimχ(2m2χ −m2Z)2
, a0γij =
e2g2 cos2 θW (4m
2
χ −m2Z)i2j2
64pim4χ
, aγγij =
e4i2j2
32pim2χ
. (72)
We obtain the annihilation cross sections for χ0χ0 → Z0Z0, Z0γ, γγ as
〈σαv〉 = 〈aαSV 0V 0(v)〉 , (73)
with α = 00, 0γ, γγ,
SV 0V 0(v) =
1
9
|ψI=0(~r = 0)− ψI=2(~r = 0)|2 , (74)
7 For a generic I, we have the following property:
∑I
i,j=−I Q†0i(i, j, ij, ij2, i2j)Qj0 = (0, 0, 0, 0, 0).
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FIG. 8: The Sommerfeld factors SWW and SV 0V 0 in the cases of Yukawa potential [Eq.
(53)], Hulthe´n potential [Eq. (55)] and the Coulomb potential [Eq. (59)] for I = 1, 3, 9
with v = 10−3 are plotted. The ψI(~r = 0) in the Yukawa case are obtained by solving the
differential equation numerically (see Appendix B.4).
and
a00 = 2a+−|g→g cos θW ,mW→mZ ,
aγγ = 2a+−|g→e,mW→0,
a0γ = [I(I + 1)]2
e2g2 cos2 θW (4m
2
χ −m2Z)
64pim4χ
. (75)
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FIG. 9: |ψI=0,2(~r = 0)|2 for I = 2 with v = 10−3 are plotted in (a). The phase shift
differences, δI=00 − δI=20 , in the cases of Yukawa potential, Hulthe´n potential and the
Coulomb potential for (b) I = 1, (c) I = 3 and (d) I = 9 with v = 10−3 are plotted.
It is clear that these 〈σαv〉s go to zero in the ψI(~r = 0) = 1 limit.
In this model, χ0χ¯0 cannot directly annihilate into a fermion pair, but it may be produced
through loop diagrams by diagrams similar to Fig. 5(c) but with the final state replaced. Through
rescattering χ0χ¯0 can go to χiχ¯i, which can decay to a fermion pair ff¯ . The amplitude for
χiχ¯i → ff¯ is proportional to T3(= i). Hence the Sommerfeld enhanced rate is proportional to
Q†0jjiQi0, see footnote 7, which is in fact vanishing.
In Fig. 8 we compare results of the Sommerfeld factors SWW and SV 0V 0 obtained from the
Hulthe´n approximation, the Coulomb approximation results with the numerical ones, which are
obtained by solving the equation with the Yukawa potential numerically (see Appendix B.4), for
I = 1, 3 and 9. We see that the Hulthe´n results can successfully mimic the numerical ones. In
general the Sommerfeld factors SWW are enhancements, but occasionally the interference is a
destructive one leading to a suppression (SWW < 1) instead (see, also [92]). For example, for I = 3
the factor SWW is smaller than one for mχ ' 0.4 TeV. One can also see the behaviors of these
Sommerfeld factors for different I. These Sommerfeld factors oscillates as mχ changes. When I is
increasing the oscillations get faster in the low mχ region, while simple oscillation patterns at high
mχ region are occurring.
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The shapes of these Sommerfeld factors are governed by the norms of ψI=0,2 and the relative
phases between them. The former exhibit resonant-like behavior, see Eq. (58) and, for example,
Fig. 9 (a). They approach |ψcoulI (~r = 0)| in the large mχ region [see Fig. 9 (a)]. The phase
differences between ψI=0(~r = 0) and ψI=2(~r = 2), which are also the phase shift differences,
δI=00 − δI=20 , for I = 1, 3, 9 are shown in Fig. 9 (b), (c) and (d). We see indeed for I = 3,
ψI=0(~r = 0) and ψI=2(~r = 2) are out of phase around mχ ' 0.4 TeV, giving the above mentioned
destructive interference in SWW . Note that when SWW have destructive interference, SV 0V 0 are
enjoying constructive interference, instead, as one can see from Eqs. (68) and (74). From Fig. 9(a),
(c) and (d), we see that the norms of ψI(~r = 0) and the phase differences oscillate rapidly with mχ
in the low mass region, but in large mχ region the norms approaching constants, while the phase
differences increase monotonically (with modulus 2pi). The above features are more prominent
when I increases. This explains the simple oscillation patterns of SWW and SV 0V 0 in the large
mass region.
From Figs. 8 and 9, we see that although |ψI(~r = 0)| can go to |ψcoulI (~r = 0)| in the large mχ
limit [see Fig. 9(a), in particular], the Coulomb approximation of the Yukawa potential does not
reproduce the interference effects in the large mχ region. Nevertheless the numerical and Hulthe´n
results seems to hover around the Coulomb ones (see Fig. 8). The latter seems to provide the
“averaged” (about the neighbouring mχ) behaviors of the formers. In this work we shall use the
Hulthe´n approximation for ψI(~r = 0) in the later numerical analysis.
C. Numerical Results for Relic Density and Indirect Search
We present our numerical results of relic density and indirect search here. Fig. 10 shows the
predicted relic density using xf = 24 for I = 1, 2, 4, 6, 8 cases. The shadow area shows the observed
dark matter relic density Ωobsh
2 = 0.1186± 0.0020 [9]. The solid (dashed) lines denote the results
with (without) considering the Sommerfeld enhancement effect. Note that the relic density Ωχ is
inversely proportional to 〈σv〉, which is enhanced by the Sommerfeld effect. Hence, Ωχ is reduced
and the DM mass satisfying the relic constraint is shifted to a larger value. We consider the
possibility that χ may not saturate the DM relic density, i.e., Ωχ 6 Ωobs. Hence, the observed relic
density provides the upper mass bounds for DM particles with different isospin I. We see that the
upper limit on Dirac DM mass becomes larger for a larger isospin I.
Figs. 11(a) and 11(b) show the plots of velocity averaged cross section 〈σv〉 of DM annihilation in
W+W− channel without and with considering the Sommerfeld enhancement effect for I = 1, 3, 5, 7
and 9, respectively. We see that the pattern of 〈σ(χχ¯ → W+W−)v〉 versus mχ in Fig. 11(b) is
determined the shape of the original 〈σ(χχ¯→W+W−)v〉 in Fig. 11(a) and the Sommerfeld factor
SWW (v) (see Fig. 8). Note that the Sommerfeld enhancement in Galactic DM annihilations is much
stronger than cosmological DM annihilations, as the velocity of the Galactic DM is much slower.
In each plot, we compare our results with W+W− data from H.E.S.S. [25] and Fermi-LAT [27]
astrophysical observations. Fermi-LAT provides upper limits on 〈σv〉 for DM annihilating into
W+W− and various SM fermion pairs at 95% confidence level with WIMPs masses between 2
GeV to 10 TeV, while H.E.S.S. gives the corresponding upper limits with masses from 160 GeV
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FIG. 10: Predicted DM thermal relic density for I = 1, 2, 4, 6, 8.
to 70 TeV. In the W+W− channel, for mχ . 0.55 TeV the Feremi-LAT limit dominates, while for
0.55 . mχ 6 70 TeV the H.E.S.S limit dominates. We see that the low mass region with mχ 6 0.55
TeV are ruled out by the Fermi-LAT constraint and the H.E.S.S data is use to constrain the mass
region with 0.55 < mχ 6 70 TeV. The combining W+W− data basically excludes light DM and
provides us the lower mass bounds and allowed mass regions for the Dirac DM particles with
different isospin I. The Sommerfeld enhancement increases the cross sections by 1 to 4 order of
magnitude, and hence the lower limits on the Dirac DM masses are in principle shifted to larger
values.
In Table. II, we show the lower mass limits mLLχ from the direct search of PandaX-II and
XENON1T constraints, the indirect search of Fermi-LAT and H.E.S.S. constraints and the upper
TABLE II: The lower limits mLLχ obtained from recent direct and indirect dark matter
search experiments, the upper limits mULχ obtained from the observed relic density are
shown. Note that mχ for I = 1, 2 cases are not constrained by direct search. The upper
values (lower values within the parentheses) for indirect mLLχ and relic m
UL
χ denote the
results with (without) considering the Sommerfeld effect. Dirac DM mass is given in the
unit of TeV.
I 1 2 3 4 5 6 7
Direct mLLχ — — 0.19 0.37 0.72 1.18 2.28
Indirect mLLχ
3.00 1.09 6.64 41.16 67.33 > 70 > 70
(0.60) (2.38) (4.29) (6.38) (8.55) (10.86) (13.34)
Relic mULχ
2.15 10.58 30.31 66.54 123.20 205.23 316.94
(1.36) (4.30) (8.60) (14.34) (21.51) (30.11) (41.14)
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FIG. 11: Predicted velocity averaged cross sections of galactic DM annihilation to W+W−
processes for I = 1, 3, 5, 7 and 9 cases.
mass limits mULχ from the observed DM relic density. Note that we require the contribution to
relic density does not excess the upper 1 σ range of the observed dark matter relic density, Ωobsh
2.
The upper values (lower values within the parentheses) for indirect mLLχ and relic m
UL
χ in the table
denote the results with (without) considering the Sommerfeld effect. The XENON1T constraint
does not provide lower limits on DM masses for I 6 2. For the larger I case, the lower mass limit
constrained from the indirect search is more stringent than that from the direct search. Without
considering the Sommerfeld effect, all cases (with different isospin I) are allowed, while after turning
on the Sommerfeld effect, the I = 1 case is ruled out, since the lower mass limit mLLχ = 3.00 TeV
is greater than the upper mass limit mULχ = 2.15 TeV.
Fig. 12 shows the plots of velocity averaged cross section of DM annihilating to W+W−, Z0Z0,
Z0γ and γγ channels for I = 2 ∼ 7, separately. Besides the constraints from H.E.S.S. 〈σv〉(W+W−)
and Fermi-LAT 〈σv〉(W+W−), we also show the constraint from H.E.S.S. 〈σv〉(γγ), which provides
95% confidence level with WIMPs masses from 300 GeV to 60 TeV [26]. The solid (dashed) lines
are our numerical results with (without) considering the Sommerfeld enhancement effect. DM can
annihilate into a pair of neutral gauge bosons only through the Sommerfeld enhancement effect.
In general, we see that 〈σ(χ0χ¯0 → W+W−)v〉 & 〈σ(χ0χ¯0 → V 0V 0)v〉, but occasionally it is the
other way around. As mentioned in previous subsection, the Sommerfeld factor can be occasionally
suppressed due to the destructive interference between ψI=0(~r = 0) and ψI=2(~r = 0) resulting in
smaller lower mass bound. This can be seen that the lower mass bound originally from 2.38 TeV
is shifted to a smaller value of 1.09 TeV for I = 2 case (see Fig. 12(a)) after considering the
Sommerfeld effect.
From Figs. 12(a) and (b), we see that the H.E.S.S constraint on 〈σv〉(γγ) rules out mχ ≤ 17.8
and 42.3 TeV in the cases of I = 2 and 3, respectively. Note that there are a few dips in the
predicted 〈σv〉(γγ) for mχ below the above mentioned lower limits that can satisfy the H.E.S.S.
γγ constraint, but they are ruled out by the H.E.S.S. W+W− constraint. Furthermore, since the
upper bounds on mχ from the relic density are 10.6 and 30.3 TeV for I = 2 and 3, respectively
(see Table II), these two cases are ruled out by the H.E.S.S. and relic density constraints.
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FIG. 12: Predicted velocity averaged cross sections of galactic DM annihilation to W+W−,
Z0Z0, Z0γ and γγ processes for I = 2, 3, 4, 5, 6, 7 cases.
We summarize our results for the I = 4 ∼ 7 cases in Table III. We show the allowed DM mass
regions after imposing the Fermi-LAT 〈σv〉(W+W−), H.E.S.S. 〈σv〉(W+W−, γγ) constraints and
the relic density constraint (requiring the contribution to relic density does not excess the upper
1 σ range of the observed dark matter relic density, Ωobsh
2). Predictions on 〈σv〉 for Galactic
χχ¯→W+W−, ZZ, Zγ, γγ annihilations, Ωχh2 and σSI are also shown.
From Table III, we see that the allowed mass regions are greater than ∼ 60 or ∼ 70 TeV for
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TABLE III: The allowed region of mχ in the I = 4 ∼ 7 cases after imposing Fermi-LAT
〈σv〉(W+W−) and H.E.S.S. 〈σv〉(W+W−, γγ) constraints and the relic density constraint
are given. Predictions on 〈σv〉 for Galactic χχ¯→ W+W−, ZZ, Zγ, γγ annihilations, Ωχh2
and σSI are also shown. DM mass are given in the unit of TeV, while 〈σv〉 in the unit of
10−25 cm3/s and σSI in 10−46 cm2. The values in the parentheses for σSI denote the
prediction value without considering the contributions of quark twist-2 operator and the
two-loop diagrams.
I Allowed mχ 〈σv〉(W+W−) 〈σv〉(Z0Z0) 〈σv〉(Z0γ) 〈σv〉(γγ) Ωχh2(%) σSI
4 (61.45, 63.49) (5.6, 9.1) (14.6, 21.9) (8.4, 12.6) (1.2, 1.8) (10.30, 11.00) ∼ 2.85 (6.76)
5
(67.33, 68.04) (9.4, 9.8) (43.7, 54.9) (25.1, 31.6) (3.6, 4.5) (3.60, 3.68) ∼ 6.41 (15.21)
(70, 123.25) (9.4, 144.6) (6.5, 101.2) (3.7, 59.5) (0.54, 8.5) (3.89, 12.06) ∼ 6.41 (15.2)
6 (70, 205.23) (18.2, 42.8) (5.2, 550.8) (3.0, 316.7) (0.4, 45.6) (1.38, 12.06) ∼ 12.6 (29.9)
7 (70, 317.94) (29.2, 734.2) (2.4, 720.6) (1.4, 410.7) (0.2, 57.0) (0.59, 12.06) ∼ 22.3 (53)
these cases. For I = 5, 6, 7, the allowed Dirac DM masses are mostly in the range of 70 TeV to
few hundreds TeV. For I = 4, 5 with mχ . 70 TeV, the allowed values for 〈σv〉(W+W−) are
less than the corresponding 〈σv〉(Z0Z0) and 〈σv〉(Z0γ), due to the destructive interference effect
in the former channel. In addition to the W+W− and γγ channels, the χχ¯ → Z0Z0 and Z0γ
annihilations are also useful to search for DM. In most cases, the predicted relic density does not
saturate the observed relic density. We see that σSI ' I2(I + 1)2 × 7 × 10−49 cm2 for mχ in
the range of few tens to one hundred TeV, giving σSI ' 10−46 ∼ 10−45 cm2. In conclusion, the
predicted 〈σ(χ0χ¯0 → Z0Z0, Z0γ, γγ)v〉 and σSI are sizable and they will be useful to search for
DM in astrophysical observation and in direct search in near future.
V. CONCLUSION
In this paper, we work on a Dirac DM model by adding on SM a Dirac fermionic DM multiplet
with quantum numbers I3 = Y = 0 to evade the dangerous tree-level Z-exchange diagram in elastic
DM-nucleus scattering. Nevertheless, there are loop diagrams contributing to the cross section σSI .
We consider loop diagram contributions and find that there are some cancellations in W -exchange
diagrams that makes the model viable. We find that the dependence of σSI on mχ is mild for
mχ & 1 TeV, and σSI ' I2(I + 1)2 × 7.1× 10−49 cm2 for mχ in the range of few to few tens TeV.
By comparing to PandaX-II and XENON1T constraints on SI cross section σSI , we find that the
constraints do not give lower bound on DM mass for I = 1 and 2. For I = 3 ∼ 5, the lower bounds
on DM mass are sub-TeV, while for I = 6 ∼ 9, the lower bounds are as large as few TeV.
For indirect search, since the Galactic DM particles are nonrelativistic, the Sommerfeld en-
hancement effect in DM annihilation processes should be included. In this model, the DM can
only annihilate into W+W− at the tree level, but can annihilate into ZZ,Zγ and γγ through the
Sommerfeld enhancement effect, while fermionic final states are still prohibited. Analytic formulas
of the Sommerfeld enhancement factors for arbitrary I are obtained using the SU(2) symmetric
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limit and the Hulthe´n approximation. We find that the Galactic DM annihilation cross sections
are in general significantly enhanced by the Sommerfeld effect, but it can occasionally suppressed
by some destructive interference.
The calculated velocity averaged cross sections 〈σv〉(W+W−, γγ) are compared with the data
from Fermi-LAT and H.E.S.S astrophysical observations. We consider the possibility that χ may
not saturate the DM relic density, i.e., Ωχ 6 Ωobs. The observed relic density provides the upper
mass bounds for DM particles. The Fermi-LAT and H.E.S.S. upper limits on 〈σv〉(W+W−, γγ)
provide lower bounds on mχ, while the relic density provides upper bounds. Working together
they exclude the I = 1 ∼ 3 cases and force the Dirac DM mass to be within the ranges of few
tens to few hundreds TeV for I > 4. In the allowed parameter space, the corresponding DM-
nucleus cross section σSI is in the range of 10−46 ∼ 10−45 cm2. In conclusion, the predicted
〈σ(χ0χ¯0 → Z0Z0, Z0γ, γγ)v〉 and σSI are sizable and they will be useful to search for DM in
astrophysical observation and in direct search in near future.
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Appendix A: Loop Integral Functions in the Loop Induced Effective Couplings
The loop integral function FSh (q, x, y) with x ≡M2W /m2χ and y ≡ m2t /m2χ from the SS interaction
of Higgs-exchange are the same for all flavors of quarks since there is no quark propagator in the
loop. Hence FSh (q, x, y) = F
S
h (x) is given by
FSh (x) =
1
2
x1/2 − 2 + 2x− x
2
2
√
4− x
[
tan−1(
√
x
4− x) + tan
−1(
2− x√
(4− x)x)
]
− 1
4
x3/2 ln(x). (A1)
For the effect couplings of quarks q = u, d, s, c, all these quarks is much lighter than W -boson mass,
we only keep the effective coupling up to the leading order of in mq. Hence all these quarks have
the same loop integral functions (independent on y) as follows:
FSW (u, x, y) =
1
4
x1/2 − 2x− x
2
4
√
4− x
[
tan−1(
√
x
4− x) + tan
−1(
2− x√
(4− x)x)
]
− 1
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x3/2 ln(x),
F VW1(u, x, y) = −x1/2
sec−1(2
√
1/x)√
(4− x)x +
1
4
x1/2 − 2x− x
2
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tan−1(
√
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4− x) + tan
−1(
2− x√
(4− x)x)
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−1
8
x3/2 ln(x),
F VW2(u, x, y) = 0,
FAW1(u, x, y) =
1
3
x+
2x− 7x2 + 2x3
6
√
(4− x)x
[
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√
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4
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x2) ln(x),
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FAW2(u, x, y) = −
1
4
− (8− 5x+ 2x
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8
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For the effective couplings of bottom quark, the top quark is in the loop of the box diagrams.
Hence the top quark mass in the loop calculation can not be ignored. With the assumption that
mχ  mt, the corresponding loop integral functions are given by
FSW (b, x, y) = +
x3/2
8(x− y)1/2
{
2xy ln(x)− 2y ln(x/y)− x2 ln(x)− y2 ln(y)− 2y + 2x
+2(x2 − 2x− 2xy + 6y)
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,
F VW2(b, x, y) = 0,
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For the effective couplings of top quark, the top quark is in the external line of the box diagrams,
and it still involves the top quark mass. In this case, we can not have an analytical form for
each loop integral function. With the assumption that mχ  mt, the corresponding loop integral
functions can be numerically calculated from the following expressions:
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The loop integral functions with x ≡ M2W /m2χ and y ≡ m2t /m2χ derived from the quark twist-2
operator are [62] (see footnote 2)
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√
4− x
6
(2 + x2) tan−1(
√
4− x
x
) +
√
x
12
[1− 2x− x(2− x) ln(x)],
gT2(x) =
1
2
√
4− xx(2− 4x+ x
2) tan−1(
√
4− x
x
)−
√
x
4
[1− 2x− x(2− x) ln(x)]. (A5)
The loop integral functions with x ≡M2W /m2χ and y ≡ m2t /m2χ derived from two-loop diagrams in
Fig. 2 are [62] (see footnote 3)
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Appendix B: Sommerfeld enhancement in χχ¯ annihilations
1. Lippmann-Schwinger equation in χjχ¯j → χiχ¯i process
The Feynman diagram of non-perturbative scattering χj(p1)χ¯
j(p2)→ χi(p3)χ¯i(p4) is shown in
Fig. 7. Note that p3 and p4 are not necessary on-shell as these two lines will be connected to χ
iχ¯i
annihilation diagrams later. We will basically following [101] but will depart from it and obtain
the Lippmann-Schwinger equation at the end. The amputated non-perturbative 4-point vertex
function can be written as
iΓijγβ,αδ(p3, p2, p1, p4)
= iΓ˜ijγβ,αδ(p3, p2, p1, p4)
+
∫
d4p′3
(2pi)4
iΓ˜ikγρ,σδ(p3, p
′
4; p
′
3, p4)(iSFστ (p
′
3))iΓ
kj
τβ,αλ(p
′
3, p2; p1, p
′
4)(−iSFλρ(−p′4)), (B1)
where we have p′4 = −p′3 + p3 + p4, SF is the fermion propagator and the relevant lowest order
perturbative 4-point vertex function in the SU(2) symmetric limit is given by 8
iΓ˜ijγβ,αδ(p3, p2, p1, p4) = −ig2
∑
a=1,2,3
T aijT
a
ji(γ
µ)γα(γ
ν)βδ
gµν
(p1 − p3)2 −M2W
. (B2)
We make use of the instantaneous approximation, where the time component of the momentum
transfer is neglected, and obtain
iΓ˜ijγβ,αδ(p3, p2, p1, p4) = −ig2
∑
a=1,2,3
T aijT
a
jiγ
µ
γαγµβδ
−1
(~p1 − ~p3)2 +M2W
. (B3)
Now using [44] 9 ∑
a=1,2,3
T aijT
a
ji =
2I∑
I=0
(UT )iI{I(I + 1)− I(I + 1)/2}UIj , (B4)
with
UIj = (−1)j〈IjI(−j)|I0〉, (B5)
where 〈IjI(−j)|I0〉 is the Clebsch-Gordan coefficient (in the 〈j1m1j2m2|JM〉 notation), we can
diagonal Γ˜ij in the flavor space as
Γ˜ijγβ,αδ(p3, p2, p1, p4) =
2I∑
I=0
(UT )iI Γ˜Iγβ,αδ(p3, p2, p1, p4)UIj , (B6)
where, we have
iΓ˜Iγβ,αδ(p3, p2, p1, p4) = −iγµγαγµβδVI(~q), (B7)
8 Note an additional minus sign from different pairing for particle and antiparticle lines. We will return to
this later. Also note that in the SU(2) symmetric limit the U(1) field Bµ does not contribute to Γ˜ as the
hypercharge of χ is vanishing.
9 The expression is obtained with the help of
∑
c T
c
ijT
c
ji = −
∑
c T
c
ijT
c
−i−j(−)i−j and the standard method
of addition of angular momentum.
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with VI(~p1 − ~p3) the potential given by
VI(~p1 − ~p3) ≡ −4piαw{I(I + 1)− I(I + 1)/2} 1
(~p1 − ~p3)2 +M2W
, (B8)
and with αw the electroweak fine-structure constant. Note that I is the total isospin of the χχ¯
pair.
It can be easily shown (by iteration) that Γij can be diagonalized in the flavor space similarly,
Γij =
2I∑
I=0
(UT )iIΓIUIj . (B9)
To proceed we define two auxiliary functions as following:
iηIσβ,αρ(p3, p2; p1, p4) ≡ iSFστ (p3)iΓIτβ,αλ(p3, p2; p1, p4)(−iSFλρ(−p4)),
iχ˜Iσβ,αρ(p3, p2; p1, p4) ≡ iSFστ (p3)iΓ˜Iτβ,αλ(p3, p2; p1, p4)(−iSFλρ(−p4)), (B10)
and the master formula, Eq. (B1), can be expressed as
iηIγβ,αδ(p3, p2; p1, p4) = iχ˜
I
γβ,αδ(p3, p2; p1, p4)
+
∫
d4p′3
(2pi)4
iχ˜Iγρ,σδ(p3, p
′
4; p
′
3, p4)iη
I
σβ,αρ(p
′
3, p2; p1, p
′
4), (B11)
Adding δγαδβδ(2pi)
4δ4(p3 − p1) to both side of the above equation, 10 and defining
iχIγβ,αδ(p3, p2; p1, p4) ≡ δγαδβδ(2pi)4δ4(p3 − p1) + iηIγβ,αδ(p3, p2; p1, p4), (B12)
now the master formula, Eq. (B11), becomes
iχIγβ,αδ(p3, p2; p1, p4) = δγαδβδ(2pi)
4δ4(p3 − p1)
+
∫
d4p′3
(2pi)4
iχ˜Iγρ,σδ(p3, p
′
4; p
′
3, p4)iχ
I
σβ,αρ(p
′
3, p2; p1, p
′
4). (B13)
In the NR limit, the fermion and anti-fermion propagators can be approximated as
SF (±k) = 1
2
(1± γ0) 1
(k0 −mχ)− ~k2/2mχ + i
≡ 1
2
(1± γ0)g(k), (B14)
where the projection operators correspond to uu¯/2mχ and −vv¯/2mχ in the NR limit. Using the
above approximation and Eq. (B10), we have
iχ˜Iγρ,σδ(p3, p
′
4; p
′
3, p4) ' i
1
2
(1 + γ0)γγ′γ
µ
γ′σγµρδ′
1
2
(γ0 − 1)δ′δg(p3)g(p4)VI(~p ′3 − ~p3). (B15)
On the other hand, iχγβ,αδ will eventually contract with u(~p3, s3) and v¯(~p4, s4), and in the NR
limit,
1
2
(1 + γ0)u(~p3, s3) ' 1
2
(1 + γ0)u(~0, s3) = u(~0, s3) ' u(~p3, s3),
v¯(~p4, s4)
1
2
(1− γ0) ' v¯(~0, s4)1
2
(1− γ0) = v¯(~0, s4) ' v¯(~p4, s4), (B16)
10 This we depart from [101].
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we should take
δγαδβδ → 1
2
(1 + γ0)γα
1
2
(1− γ0)βδ. (B17)
Hence Eq.(B13) becomes
iχIγβ,αδ(p3, p2; p1, p4) '
1
2
(1 + γ0)γα
1
2
(1− γ0)βδ(2pi)4δ4(p3 − p1)
+g(p3)g(p4)
∫
d4p′3
(2pi)4
{
i
1
2
(1 + γ0)γγ′γ
µ
γ′σγµρδ′
1
2
(γ0 − 1)δ′δ
iχσβ,αρ(p3, p
′
4; p
′
3, p4)VI(~p
′
3 − ~p3)
}
. (B18)
The solution of the above equation, iχIγβ,αδ, can be written as
iχIγβ,αδ(p3, p2; p1, p4) =
1
2
(1 + γ0)γα
1
2
(1− γ0)βδiχI(p3, p2; p1, p4), (B19)
Substitute it into the above equation, we obtain the equation for χI ,
iχI(p3, p2; p1, p4) = (2pi)4δ4(p′3 − p3)− g(p3)g(p4)
∫
d4p′3
(2pi)4
VI(~p′3 − ~p3)χI(p′3, p2; p1, p′4). (B20)
The above equation can be readily brought into the Lippmann-Schwinger equation.
Define
p(′) ≡ 1
2
(p1(3) − p2(4)) = (ε(′), ~p(′)), P ≡ p1 + p2 = p(′)3 + p(′)4 = (E + 2m,~0), (B21)
and redefine
iχI(p′, P, p) = iχI
(
1
2
(p3 − p4), p3 + p4, 1
2
(p1 − p2)
)
≡ iχI(p3, p2; p1, p4). (B22)
We now have for Eq. (B20)
iχI(p′, P, p) = (2pi)4δ4(p′ − p)
−g
(
1
2
P + p′
)
g
(
1
2
P − p′
)∫
d3q′
(2pi)3
VI(~q ′ − ~p ′)
∫
dq′0
2pi
χI
(
q′, P, p
)
, (B23)
where we use q′ ≡ p′3 − P/2 and p′3 − p3 = q′ − p′, and note that the integration of q′0 only applies
to χI .
There are further simplification by using the center of mass frame:
~P = ~0, ~p1(3) = −~p2(4) = ~p (′), E = P 0 − 2mχ =
|~p|2
mχ
, p0 =  = 0. (B24)
It is useful to recall that p1,2 are on-shell, but p3,4 are not necessarily so as noted in the beginning.
Therefore, at the center of mass frame,  = (p01 − p02)/2 = [(|~p|2/2mχ) − (|~p|2/2mχ)]/2 = 0, but
′ = (p03 − p04)/2 and ~p ′ are not fixed as p03,4 are not necessarily equal to ~p ′2/2m.
Define
ψI(~q, ~p) ≡ 1
2pi
∫ ∞
−∞
dq0iχI(q, P, p), (B25)
and integrate both side of Eq. (B23) with respect to p′0 = ′, we obtain
ψI(~p ′, ~p) = (2pi)3δ3(~p ′ − ~p)
− 1
2pii
∫ ∞
−∞
d′g
(
1
2
P + p′
)
g
(
1
2
P − p′
)∫
d3q
(2pi)3
VI(~q − ~p ′)ψI (~q, ~p) , (B26)
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where we redefine the integration variable ~q ′ to ~q in the last line. After integrating over ′, 11 we
finally obtain
ψI(~p ′, ~p) = (2pi)3δ3(~p ′ − ~p) + 1
E − (~p ′2/2µ) + i
∫
d3q
(2pi)3
VI(~q − ~p ′)ψI (~q, ~p) , (B27)
where µ = mχ/2 is the reduced mass of the χχ¯ system. The above equation is simply the Lippman-
Schwinger equation in the momentum space representation.
Furthermore, using
VI(~r) =
∫
d3q
(2pi)3
e−i~q·~rVI(~q), ψI(~r) =
∫
d3~p ′
(2pi)3
ei~p
′·~rψI(~p ′, ~p), (B28)
the Lippmann-Schwinger equation can be written in the position space as
ψI(~r) = ei~p·~r +
∫
d3r′〈~r| 1
E −H0 + i |~r
′〉VI(~r ′)ψI(~r ′). (B29)
The wave function satisfies the Schro¨dinger equation,
− 1
2µ
∇2ψI(~r) + VI(~r)ψI(~r) = EψI(~r) = 1
2
µv2ψI(~r), (B30)
with
VI(r) = −αw{I(I + 1)− I(I + 1)/2}e
−MW r
r
, (B31)
E = |~p|2/2µ ≡ µv2/2 and the boundary condition that the wave function goes to ei~p·~r asymptoti-
cally.
2. Sommerfeld enhancement
For a χjχ¯j annihilation process, there may be interaction among initial state as depicted in
Fig. 6 going into χiχ¯i, before the main annihilation process takes place. The χjχ¯j annihilation
amplitude iM jS can be expressed as
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) = iM
j
β,α(p3, p2, p1, p4)v¯β(p2)uα(p1)
+
∫
d4p′3
(2pi)4
iM iρ,σ(p3, p
′
4; p
′
3, p4)
(iSFστ (p
′
3))(−iSFλρ(−p′4))
iΓijτβ,αλ(p
′
3, p2; p1, p
′
4)v¯β(p2)uα(p1). (B32)
In the above equation, iM i represents the main χiχ¯i annihilation, while iΓij contains an infinite
series of the ladder diagrams (see Fig. 7) representing the initial state interaction. With the help
of Eqs. (B9) and (B12), we have
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) =
∫
d4p′3
(2pi)4
iM iρ,σ(p3, p
′
4; p
′
3, p4)
2I∑
I=0
(UT )iIiχIσβ,αρ(p
′
3, p2; p1, p
′
4)UIj v¯β(p2)uα(p1), (B33)
11 Note that g
(
1
2P ± p′
)
= 1/(±ε′ + 12E − (~p ′2/2mχ) + i).
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where p′4 = p1 + p2 − p′3 and p′3,4 are not necessarily on-shell.
As shown previously, in the NR limit, we have
iχIσβ,αρ(p
′
3, p2; p1, p
′
4)v¯β(p2)uα(p1) '
1
2
(1 + γ0)σα
1
2
(1− γ0)βρiχI(p′3, p2; p1, p′4)v¯β(p2)uα(p1)
' iχI(p′3, p2; p1, p′4)v¯ρ(p2)uσ(p1). (B34)
Furthermore, we assume the energy dependent of iM in the integral can be neglected, which is called
the instantaneous approximation. Therefore, the integration on E′3 only applies to χ(p′3, p2; p1, p′4),
and the above equation becomes
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) =
∫
d3~p ′3
(2pi)3
iMρ,σ(~p3, ~p
′
4; ~p
′
3, ~p4)v¯ρ(p2)uσ(p1)
×
2I∑
I=0
(UT )iKψI
(
~p ′3 − ~p ′4
2
,
~p1 − ~p2
2
)
UIj , (B35)
where we made use of∫
dE′3
2pi
iχI(p′3, p2; p1, p
′
4) =
∫
d(E′3 − E′4)/2
2pi
iχI(p′3, p2; p1, p
′
4)
= ψI
(
~p ′3 − ~p ′4
2
,
~p1 − ~p2
2
)
(B36)
with ψI(~p ′, ~p) the solution of the Lippmann-Schwinger equation, Eq. (B27). Note that in the
VI = 0 case, ψI(~p ′, ~p) reduces to (2pi)3δ3(~p ′ − ~p) and Eq. (B35) is just a trivial identity equation.
In the case of S-wave rescattering, Mρ,σ(~p3, ~p
′
4; ~p
′
3, ~p4) is independent of the momentum, there-
fore, we can move the iM i out from the integration
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) = iM
i
γρ,σδ(~p3, ~p2; ~p1, ~p4)v¯ρ(p2)uσ(p1)
×
∫
d3(~p ′3 − ~p ′4)/2
(2pi)3
2I∑
I=0
(UT )iIψI
(
~p ′3 − ~p ′4
2
,
~p1 − ~p2
2
)
UIj
(B37)
and obtain
iM jSβ,α(p3, p2, p1, p4)v¯β(p2)uα(p1) = iM
i
ρ,σ(~p3, ~p2; ~p1, ~p4)v¯ρ(p2)uσ(p1)Qij (B38)
with
Qij ≡
2I∑
I=0
(UT )iIψI(~r = 0)UIj , (B39)
where ψI(~r) is normalized to give ei~p·~r asymptotically. Finally, we have
|v¯M jS(p3, p2, p1, p4)u|2 =
∑
i,i′
(v¯M i
′
(~p3, ~p2; ~p1, ~p4)u)
∗(v¯M iρ,σ(~p3, ~p2; ~p1, ~p4)u)QijQ†ji′ , (B40)
where the additional term (QijQ†ji′) is the Sommerfeld enhancement factors, which cannot be
factorized in this work. In the VI = 0 limit, we have ψI(~r = 0) = 1 giving QijQ†ji′ = δijδji′ and
the above equation is just a trivial identity.
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3. Hulthe´n approximation
Following [97], we use the following Hulthe´n potential,
V (~r) = −αI (pi
2mW /6)e
−pi2mW r/6
1− e−pi2mW r/6 , (B41)
to approximate the Yukawa potential. The parameters are chosen to match the wave functions in
the Yukawa potential and the above potential in the Born approximation for p, r → 0 [97]. The
solution of the Schro¨dinger equation with ψlm = RlYlm is found to be [97]
Rl = i
l+1 t
l+1
2pr
e−ipr
Γ(λ− a−)Γ(λ− a+)
Γ(λ)Γ(λ− a+ − a−) 2F1(a
−, a+;λ; t), (B42)
with p = µχv = mχv/2,
t = 1− e−pr/ω, ω = 3v
pi2
mχ
mW
, λ = 2 + 2l, a± = 1 + l + iω(1±
√
1− 2αI/(vω)). (B43)
Note that the phase of Rl is different from [97]. It is determined from the asymptotic behavior of
Rl as shown below.
For a large r, the 2F1(a
−, a+;λ; t) behaves asymptotically as [97, 102]
Γ(λ)Γ(λ− a+ − a−)
Γ(λ− a−)Γ(λ− a+) + e
i2prΓ(λ)Γ(a
+ + a− − λ)
Γ(a+)Γ(a−)
, (B44)
which is, in fact, equal to
Γ(λ)Γ(λ− a+ − a−)
Γ(λ− a−)Γ(λ− a+) + e
i2pr
(
Γ(λ)Γ(λ− a+ − a−)
Γ(λ− a−)Γ(λ− a+)
)∗
. (B45)
As usual we consider an incident wave along the positive z-direction, the radial wave function is
related to ψ(~r) as (see, for example [103])
ψ(~r) =
∑
l
il(2l + 1)Rl(r)Pl(cos θ). (B46)
In the large r limit, the radial wave function Rl(r) for an incident plane wave with a out-going
spherical wave can be expressed as, [103]
Rl(r)→ (−i)l e
i(pr+2δl) − e−i(pr−lpi)
2ipr
, (B47)
which reduces to the asymptotic form of j0(pr) ' sin(pr − lpi/2)/pr in the plane wave case when
the phase shift δl is switched off. The normalization of Rl as shown in Eq. (B42) is determined
accordingly with the phase shift given by
δl = arg
(
Γ(λ− a−)Γ(λ− a+)
Γ(λ)Γ(λ− a+ − a−)
)
+ (l + 1)
pi
2
. (B48)
Note that from Eq. (B46), the wave function at ~r = 0, i.e. ψ(~r = 0), can be obtained from
ψ(~r = 0) = lim
r→0
∫
(dΩ/4pi)ψI(~r) = Rl=0(r = 0). (B49)
Using the above equation and the explicit form of R0(r) in Eq. (B42), we finally obtain Eq. (56).
Note that the phase shift δ0 is just the phase of ψ(~r = 0). This is a general result (see below).
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4. Solving ψ(~r = 0) numerically
We follow [104] to solve for ψ(~r = 0) numerically. We will pay attention to the phase of ψ(~r = 0)
as well as its size, as the interference between ψI=0(0) and ψI=2(0) is important in this work [see
Eqs. (68) and (74)]. Defining Φl(ρ) = Nρ
lRl(r), where ρ = pr, where the normalization N is to
be determined later. The function Φl(ρ) satisfies the Schro¨dinger equation as:
Φ′′l +
2(l + 1)
ρ
Φ′l + (−2
1
pv
V (r) + 1)Φl = 0, (B50)
where the initial conditions are taken to be [104]
Φl(0) = 1, Φ
′
l(0) =
ρV (r)
pv(l + 1)
∣∣∣∣
ρ→0
Φl(0), (B51)
for a regular solution. We now concentrate on the l = 0 case. As one can see by taking ρ 1, in
the case that |ρV (r)|  1, the differential equation and its solution become
Φ′′0 +
2
ρ
Φ′0 + Φ0
∣∣∣∣
ρ1
= 0, Φ0(ρ)→ C sin(ρ+ δ0)
ρ
, (B52)
with C a real number. The above Φ0 is to be compared to R0(r) → eiδ0 sin(ρ + δ0)/ρ [see Eq.
(B47)], as ρ 1. To work out the normalization N it is useful noting, in the ρ 1 region,
Φ0(ρ− pi/2)→ −C cos(ρ+ δ0)
ρ− pi/2 , (B53)
which can be used with Φ0(ρ) to construct
κ ≡ lim
ρ→∞ e
iρ [−iρΦ0(ρ)− (ρ− pi/2)Φ0(ρ− pi/2)] = Ce−iδ0 . (B54)
Consequently, we see that R0(r) can be obtained as
R0(r) = κ
−1Φ0(ρ), (B55)
since it satisfies the Schro¨dinger equation and has the correct asymptotic behavior. Finally, we
have
ψ(~r = 0) = κ−1Φ0(0) = κ−1 = lim
ρ→∞
e−iρ
−iρΦ0(ρ)− (ρ− pi/2)Φ0(ρ− pi/2) . (B56)
Note that the phase of ψ(~r = 0) is just δ0 [see Eq. (B54)].
The differential equation for the case of the Yukawa potential can be solved numerically and we
find that it is enough to take ρ ' 200 to obtain the limit in Eq. (B56). The Sommerfeld factors,
|ψI(~r = 0)|2 and δI=00 − δI=20 using the above ψ(~r = 0) are shown in Fig. 8 and Fig. 9. They
are compared with those obtained in the Hulthe´n potential. Both results agree with each other
reasonably well.
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